Innate sense of cardinal size
For representing positive whole numbers, as you know, we have our (1) Natural language number expressions (spoken and written), (2) Numeral systems, such as the decimal place system.
And there is now considerable evidence that we also have This number sense is a capacity for detecting the (approximate) cardinal number of a set of perceptually given items such as a pack of predators or sequence of howls or a bunch of bananas. The capacity is exact for very small numbers, which means that it enables us to discriminate reliably a small number from its neighbours. But for a larger number o f things one can sense not its exact number but only an interval into which it falls, the larger the number the wider the interval. It is possible that there are two innate systems in operation here, one for exact representation of very small numbers and o ne for approximate number representation which does not work for very small numbers, as Elizabeth Spelke suggests in her chapter in this volume. In that case the number sense should be regarded as comprising both systems. The limit of the capacity for exact number discrimination is not fixed, but may be pushed up. Experience with finger arithmetic, 2 verbal counting, abacus practice and the like may sharpen the rough number sense so as to provide reliable discrimination into double digit numbers, thus extending the range of exact cardinal number representations. But the number sense itself is an innate quantity spectrum, on a par with our sense of duration and our sense of spatial distance. Why do we take the number sense to be innate? The short answer is that there is plenty of evidence that animals and human infants have a number sense. For a more extensive and detailed answer, see the chapter in this volume by Brian Butterworth.
Adult sense of cardinal size
A normal child with decent education will learn to count, understand the decimal place system, acquire a store of single-digit arithmetical facts, pick up some general equational rules, and master some calculation algorithms. So, while a sense of number size is useful in the wild e.g. for rapidly gauging the number of nearby predators, in numerate civilizations it will be an unused vestige of primitive cognition -or so one might think. In fact that is very far from true.
For a hint of the continuing importance of number sense for numerate adults, consider the following. You ask some people if they can work out the value of seven to the power of six;
one of them quickly writes down '1,000,000' saying that this is the answer in base 7 notation.
Understanding the place system of numerals, you will see t hat this smart-alec answer is correct. But it will still leave you feeling somewhat in the dark, unless you already know the decimal representation. Why? It correctly designates the number, and it does so in a language you understand. Given any other number in base 7 notation you would be able to tell which of the two is larger, and the algorithms you know for multi-digit addition and multiplication work just as well in base 7 notation. So what is missing? What you lack is a sense of how large this number i s. Obviously it is smaller than a million. But is it smaller than half a million, a quarter of a million, a hundred thousand, ten thousand, one thousand? You probably cannot tell without going some way towards calculating seven to the power of six in decimal notation.
Admittedly, this is a rather large number and base 7 notation is rarely used. So consider a much smaller number presented in base 2 notation: 101101. Is this smaller or bigger than forty? Again, I bet that in order to answer this you will have to go some way towards translating the digit string into decimal notation or natural language number expressions. Why is this? Why is it that you have a good idea of how large 45 is but a poor idea of how large 101101 is? The reason is that a strong association of number size representations with decimal numerals and with your natural language number expressions has been established in your mind, while no such link has been established between number size representations and multidigit numerals in other bases.
The nature of this association is indicated by a phenomenon known as the Stroop effect for numbers, which is explained in Brian Butterworth's chapter. The number Stroop effect provides evidence that, even when number size is irrelevant to the task at hand, presented with numerals in a familiar system we automatically access our sense of the numbers designated by those numerals and order them by number size. Further experiments reveal that even when a digit is presented too quickly for us to be aware of seeing it, our sense of the corresponding number size is accessed. 3 Yet other experiments show that automatic accessing of number sense is not restricted to single digits. You have a sense of the size of 45 (which in binary notation is 101101) and perhaps even a vague sense of the size of 117,649 (which in base 7 notation is 1,000,000). All this attests to the fact that in normal adults representations belonging to the innate sense of number size are mapped onto the numerals of the most familiar numeral system.
But how important is the number sense? We best know how important some faculty is to us when we have some idea what it is like to be without it. This is revealed by the case of a bright young man studied by Brian Butterworth. This man lacks nothing but number sense and those abilities that build on it. This is the case of 'Charles' reported in chapter 6 of Butterworth (1999) . Subtraction, division and multidigit calculation were impossible for him, and single digit sums and multiplications were solved slowly, using finger counting. For this man, ordinary activities such as shopping are awkward, to say the least. So it appears that we cannot acquire normal arithmetical abilities without it.
Number comparison and number sense
The nature of our capacity for sensing magnitudes of one kind or another is often illuminated by comparison tasks. In number-comparison experiments subjects may be asked to indicate which of two given numbers is the larger, and the time taken to respond (or RT for 'Reaction Time') is measured. An alternative is to specify a reference number beforehand, and ask subjects to indicate whether a given number is larger or smaller than the reference number. Number comparison experiments vary in the format of the given numbers (words, digits, sets of dots) and in the manner of responding. See the number comparison tasks box.
Number comparison tasks
• "Which is the larger?" Given two number representations in the same format:
Response by pressing button directly beneath selected number representation or by touching the screen at the location of the selected number representation.
OR
• "Is it larger or smaller?" Given a number representation for comparison with a previously specified reference number.
• Response by pressing key for 'larger' or key for 'smaller'.
• Dependent variable is reaction time (RT) in both cases.
There are two robust findings for comparison of numbers with one or two digits, the distance effect and the magnitude effect.
The distance effect: the smaller the difference between the numbers to be compared, the slower the response, for a fixed larger number. So it takes longer to respond for {6, 8} than for {2, 8}.
The magnitude effect: the l arger the numbers, the slower the response, for a fixed difference. So it takes longer to respond for {9, 12} than for {2, 5}.
For single-digit number comparison the reaction time data conform pretty well to a smooth logarithmic 'Welford' function:
where L and S are the larger and smaller quantity respectively, and a and k are constants.
Even double-digit comparison reaction times approximate to the Welford function. These phenomena are typical of response data for comparison of physical quantities that are nondiscrete, such as line length, pitch and duration. 4 This has led researchers to conclude that the mental number representations used in these tasks are quantities of a non-discrete analogue magnitude. 5 It is at this point t hat we hear of a mental number line: "the digital code of numbers is converted into an internal magnitude code on an analogical medium termed number line," says one article in a top cognitive science journal .
The number comparison effects clearly do not justify the idea that number is mentally represented as line length -the same effects are found with comparison of sound volume but we are hardly tempted to talk of a mental volume line -and in fact talk of a mental number line is often metaphorical. 6 But it is widely held that the number comparison effects do justify the claim that cardinal numbers are represented by quantities of an internal analogue magnitude, where this is taken to imply that the representing magnitude is non-discrete. This is too hasty. The reaction time data can be explained using a system of discrete representations of cardinal numbers: specifically, each number n is represented by n activated nodes, and the representation of each number includes the representation of smaller numbers.
Using this 'discrete thermometer' model of number representation together with a certain computational model of number comparison, Marco Zorzi and Brian Butterworth found that the combined model predicted RTs that showed the distance and magnitude effects and conformed to a Welford function (Zorzi and Butterworth 1999) . To explain the difference effect on this model, consider, for example, the pairs {6, 8} and {2, 8}. There is a difference of only two nodes in the representations of 6 and 8 and a difference of six nodes in the representations of 2 and 8. This means that there is a greater difference of input activity to the response nodes for the pair {2, 8} than to the response nodes for {6, 8}, and so the competition between the response nodes for {2, 8} is resolved more quickly. What about the magnitude effect? This is due to a feature of the decision process, namely, that the output level of a response node is a sigmoidal function of the input level. This means that outputs of nodes for numbers (above the first few) will increase with the numbers but at a falling rate; so the difference in output for the pair {3, 4} will be larger than the difference in output for the pair {8, 9} even though the input differences are the same for both pairs. Because the output difference is smaller for the pair of greater numbers, the competition between the response nodes for the greater numbers is resolved more slowly. Hence the magnitude effect. Clearly the representations need not be continuous (or non-discrete) like an uninterrupted line. The mistake is to assume that the RT data must be explained by the nature of the representations alone, as opposed to the nature of the representations plus the nature of the processes involved in performing the tasks.
What the data do rule out is that comparison of double digit numbers is performed by a digit by digit algorithm, first comparing the left digits and then, if the left digits are the same, comparing right digits. 7 However, there is some evidence that we also evaluate tens and units separately, but the effect is relatively insignificant. 8 For single and double digit number comparison the pattern of RTs matches that for comparison of continuous quantities such as sound volume and duration. For three-digit comparison, we seem to use the digit by digit algorithm; but this piggybacks on single digit comparison.
To summarize these observations about the number sense: it is an innate faculty probably strengthened and refined under the impact of cultural practices. For single and double digit numbers an adult's number sense is like an adult's sense of duration, pitch or sound volume.
There is no reason to think that the number sense consists of or depends on visual or spatial representations. In particular, the RT effects do not justify taking the spectrum of number size representations to constitute a mental number line.
Association of number and space: the SNARC effect
But there is evidence of an association of number with space. In a number comparison experiment run by Stanislas Dehaene and colleagues, subjects had to classify a number as larger or smaller than 65, using response keys, one operated by the left hand and the other by the right. Half of the subjects had the key for responding 'smaller' in their left hand; the other half had the key for responding 'smaller' in their right hand.
The SNARC effect
• "Is the presented number Smaller or Larger than 65?"
• SL subjects responded faster (and with fewer errors) than LS subjects Dehaene 1992 So the two groups can be classified as ( A natural hypothesis is that for a number comparison task the number-space association is activated and the task converted into one of finding relative positions on a left to right number line. But this is doubtful. The SNARC effect is also found in number tasks for which the size of the number is irrelevant. In one experiment subjects were asked to judge the parity (odd or even) of the presented number. For each subject the assignment of 'odd' and 'even' response keys to left and right was changed so that for half of the trials the 'odd' key would be on the left, and for half on the right. Regardless of parity, responses to numbers in the upper half of the test range were faster when the appropriate response key was on the right, and responses to lower half numbers were faster when the appropriate response key was on the left (Dehaene et al 1991) . This suggests that the number-space association is active even when it is not used to perform the current task; and this in turn highlights the possibility that it is not used even in number comparison tasks, though it could be used for those tasks. Present evidence, I believe, is insufficient for a verdict on this question.
Cultural origin of SNARC effect
What causes this association of the left-right dimension of egocentric space with number in order of magnitude? This was investigated by using as subjects some Iranian students living in France who had initially learned to read from right to left, instead of left to right as Europeans do. Those who had lived in France for a long time showed a SNARC effect just like native French students, while recent immigrants tended to show a reverse SNARC effect, associating small numbers with the right and large numbers with the left. Thus all the subjects showed an association of number size with the left-right dimension of egocentric space, but the direction of the association is determined by exposure to cultural factors, such as direction of reading and of ruler calibration. Nonetheless, this deployment of a number-space association is unconscious and task-independent, and clearly lies beyond anything we are explicitly taught to do.
Visual imagery and the SNARC effect
Moreover, this number-space association can easily be overridden by another one. Daniel
Bächtold and colleagues obtained a SNARC reversal within subjects, by getting them to indicate as quickly as possible whether a given number between 1 and 11 (other than 6) is larger or smaller than 6 using right and left response keys under two different conditions (Bächtold et al. 1998 ). In the first condition subjects were led to visualize the numbers on a 12-segment ruler, and in the second condition they were led to visualize the numbers on an hour marked clock face, though the subjects may not have been aware of using visual images; otherwise the conditions were identical. See the reverse SNARC effect box.
Reverse SNARC effect While on the ruler the larger numbers would be imagined on the right, on the clock face the larger numbers would be imagined on the left. Sure enough, subjects showed the SNARC effect under the first condition and those same subjects showed the reverse SNARC effect under the second condition. This points to the operation of visual imagery. In the first case the effect was probably due to the use of a visualized horizontal number line calibrated from left to right; in the second case the effect was probably due to a visualized number circle calibrated clockwise. This is further evidence that these number-space associations are not innate. Rather it is a learned association that integrates number representations with egocentric space using the visual imagery system.
Association of number and space: bisection shift
The 12 When asked to draw a copy of a picture presented to them, e.g. of a cat, they may draw just the right half; if the picture is of a clock face they may omit the numerals on t he left side. These symptoms reveal a deficit of perception. A parallel deficit of imagination has been found to accompany it. A remarkable example of neglect in visual imagery was provided by two neglect patients from Milan (Bisiach and Luzzatti 1978) . They were asked to visualize and describe Milan's Piazza del Duomo from the side of the square facing the cathedral. Both patients described features that would have been on their right from that viewpoint but omitted those that would have been on their left. Afterwards they were asked to visualize and describe the square from the opposite side, as if they were standing just in front of the cathedral facing away from it. Then they described features that were previously omitted, and they omitted features previously described; so they were reporting just those features that were on their right in the currently imagined scene and omitting features on the left in the currently imagined scene.
A symptom of neglect relevant here is that when asked to mark the midpoint of a horizontally presented line segment, patients typically choose a point to the right of the actual midpoint. See the line bisection box for an illustration.
For a given line, the extent of shift to the right varies within patients. For a given patient, longer lines mean greater rightward shift (Halligan and Marshall 1988) . Corresponding to the line bisection test there is a number-range 'bisection' test: subjects are presented with two numbers and are asked to state the number midway between them without calculation. In a recent study Zorzi and colleagues reasoned that if the mental number line were a fiction, neglect patients would not show a shift above the midnumber corresponding to the rightward shift shown in line bisection (Zorzi et al. 2002) . They tested four patients with left side neglect, four right-brain damaged patients without neglect, and four healthy subjects, all with normal numerical and arithmetical abilities on standard tests. While the healthy subjects and non-neglect patients showed no deviation from the mid-number in the number bisection tasks, the neglect patients systematically overshot the mid-number. Moreover, this shift above the mid-number almost always increased with the range, that is, with the extent of the difference
Controls Patients Controls Patients
Line bisection by left-neglect patients between the given numbers, thus replicating the pattern of line-bisection errors typical of neglect patients. See the box for number bisection by left-neglect patients.
Although this is not an overtly visuo-spatial task, the d ata can be explained on the assumption that number representations are integrated with a visually imagined horizontal line, or a horizontal row of evenly spaced numerals, and we attempt to locate the mid-number of the given range by means of an unconscious internal line-bisection, choosing the number represented closest to the bisection point. When patients are given a pair of numbers, say 2 and 9, with the task of choosing a midnumber, an image of the segment of the number line from 2 to 9 is activated automatically and unconsciously. There is no loss of the leftward part of the line-segment image because attention is not required to produce the image. But attention is required to use the image, even when the use is not conscious; so in left-neglect patients the leftward part of the image is not available for use.
In the absence of any other explanation at least as plausible, these findings constitute strong evidence of the unconscious use of a horizontal number line in visual imagination. As there was no effect of the order in which the given numbers were presented, e.g. {3, 7} or {7, 3}, the constant shift above the mid-number strongly suggests that the patients used a
Number bisection by left-neglect patients
Positive values on the y-axis indicate right shifts, negative values left shifts.
Zorzi, Priftis, and Umiltà 2002
number line that was mentally calibrated from left to right, thus cohering with the SNARC effect for people from Western cultures. So, I will take it from here on that we have a visual mental number line that is sometimes unconsciously deployed in performing very basic numerical tasks.
The nature of a mental number line
But what is the nature of the mental number line? Taking the data mentioned earlier for our having a mental number line as a basis, we can say that it is a horizontal geometrical line with What seems likely to be constant is that each number is represented by a position on the line relative to a unique origin, i.e. a (left) end or zero-marked position for lines extending endlessly in both directions, and that the size of the number is represented by the relative distance between the origin and the number position. A left-ended line can be extended endlessly leftwards to accommodate negative numbers. There is evidence that the SNARC effect occurs for comparison tasks that include negative numbers. 13 
Unconscious imagery and attention
So it is not improbable that the number line used in conscious mathematical thinking is the same the same as the number line unconsciously accessed in very basic tasks of number comparison or number bisection. But how can an image, a visual image, occur without the subject's being conscious of it? To a philosopher the notion of an unconscious image is liable to sound incoherent. What this problem reveals is that we must distinguish between the phenomenal image, that is, an item present in the conscious sensory experience of the subject, and what I will call the psychological image, which is a pattern of activity in a specialised visual buffer generated solely by top-down processes. (Here I distinguish between visual image and visual percept, which is a pattern of activity in the visual buffer generated by bottom-up processes or a combination of bottom-up and top-down processes.) When such activity is very weak or very brief, it may suffice to affect reaction times but be insufficient to produce an item in the conscious experience of the subject: there will be a psychological image without a phenomenological image.
There is a further worry of a similar ilk. On the explanation proposed here, visual attention to the line-segment image is involved in the patients' performance (and errors are ascribed to a defect of visual attention). If so, there is attention to the line-segment image without any awareness of it. But could there be attention without awareness? Yes, there could. Attention here is not directed by the subject; the relevant deployment of attention is an automatic subpersonal process. The reaction times in bisection (and comparison) tasks are fractions of a second; the components of such rapid processes, including those that constitute focussing or shifting attention, may easily be too brief for the subject to be aware of them.
The infinity of the number line
There is another problem that cannot be dealt with so quickly. If the mental number line that is unconsciously accessed in performing basic numerical tasks is the same as the mental number line used in conscious mathematical thinking, as I suggested earlier, it would have to be a line that is endless to the right (and endless to the left if it accommodates the negative numbers.) But a visual image of a line that is endless in one or both directions, an infinitely extended image, is surely impossible. In fact the field of visual imagery is bounded. This can be sensed in the following way. Imagine walking towards an adult giraffe from the side; the visualized giraffe will seem to loom larger as you continue the mental walk until not all of it can be visualized simultaneously, head and hoofs beginning to 'overflow' image capacity.
This phenomenon has been tested and confirmed: image size is constrained (Kosslyn 1978 ).
14 So there will be an upper bound on initial segments of the number line that we can visualize when number marks appear clearly and evenly separated by a fixed distance. But when we talk and think of the number line, what we have in mind is an infinitely extended line.
To best resolve this problem we should note a distinction between two kinds of representation used by the visual system. Here I follow Kosslyn's account ), but any account of the visual system will need the following distinction. There are on the one hand category patterns, and on the other hand visual images. A category pattern is a set of related feature descriptions stored more or less permanently; a visual image is a fleeting pattern of activity in the visual buffer, produced by activation of a stored category pattern.
The category pattern can i nclude a specification that a line continue in a certain direction endlessly; but for a single momentary image generated by activation of that category pattern only a finite segment of the line will be represented in the image.
From a given category pattern more than one image can be generated; in fact a sequence of continuously deforming images can be generated over an interval of time that we can think of as a single continuously changing image. When the category pattern is activated, the category pattern descriptions become input for a system I will call the image generating function.
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That function has additional 'parameter' input variables corresponding to viewpoint, distance, orientation, and others. These variables can be continuously changed and when that occurs the result will be continuously changing imagery. Imagine a regular mug as you take it from an eye-level shelf where it is stored upside down with its handle to your right and bring it to a position and orientation that allows you to look into it from above. In that case the image generating function acts on the category pattern descriptions for a regular mug with continuously changing parameters for viewpoint, distance and orientation.
The visual imagery system box, modified f rom , shows the part of the visual system relevant here, omitting all arrows other than those involved in generating and transforming images. The vertical downward arrows to the box for the image generating function indicate the inputs that constitute parameter values.
Category pattern activation
Attention shifting
Image generating function Visual Buffer

Attention window
The visual imagery system Part of Kosslyn's model of the system for generating and transforming images.
Kosslyn 1994
Certain continuous changes of parameter inputs to the image generating function provide important image-transforming operations, namely, scanning, zooming (in or out), and rotating. 16 For example, if we want to 'locate' a large number, say 232, we might 'scan' the line until the image covers, say, the interval from 200 to 250, and then 'zoom-in' on just the decade of the 230s, and then attend to the '2' 
The calibration of a mental number line
Is the calibration of a mental number line regular, i.e. evenly spaced? Or is it increasingly compressed? Several kinds of data suggest that the number that is in fact equal to n times k seems less than n times as large as k. On this basis people have proposed that our number representations are increasingly compressed.
In one kind of experiment subjects are asked to produce random numbers in a given interval. Subjects typically produce more small numbers than large numbers (Baird and Noma 1975) . In a related experiment subjects are presented with a series of numbers in a given interval (not in order of numerical size) and asked to judge how evenly and randomly the numbers in the series are drawn from the interval (Banks and Coleman 1981) . Here are a couple of such series drawn from the interval [1, 2000] . Which seems to you the more random and the more evenly spread? Most people find series B the more random and more even sample; in series A large numbers seem over-represented. In fact series A is the more evenly spread, with intervals of just over 200. In B the intervals decrease exponentially.
More evidence comes from a small informal number bisection test reported by Attneave.
Fourteen adults were asked for a quick intuitive answer to the following: suppose that one is a very small number and that a million is a very large number; now give a good example of a medium-size number. Though 500,000 is midway, the median of the 'bisections' obtained was 100,000. 18 Such underestimation is what would be expected on the 'increasing compression' hypothesis.
Yet other findings are cited in support of the compression claim (Dehaene 1992 ). Yet the claim is highly contentious, and there is some confusion over the nature of the claim. It can be offered as a descriptive summary of the kinds of data cited above; alternatively, it can be offered as a hypothesis that explains those data. As a descriptive summary it is fine. As an explanatory hypothesis it is mysterious, as it is a metaphor with no obvious literal interpretation.
This is where the number line representation of the visual imagery system comes in. For the number line there is an obvious literal interpretation of the 'increasing compression'
claim. This is that in a visual image of the number line, successive equal intervals of numbers are represented by successively shorter segments of the line. The simple qualitative hypothesis that the visualized number line has an increasingly compressed calibration can be used to explain qualitative aspects of the data of random number generation, judgements about the evenness of distribution within a set of numbers, and under-estimation in number bisection, on the assumption that in performing those tasks we deploy a number line image.
The problem for this is that other data suggest that the visualized number line is not increasingly compressed. These are data from the number bisection studies of Zorzi and colleagues mentioned earlier. If there is increasing compression, there would be some effect of number size for numerically equal intervals such as [2, 6] and [5, 9] . But no effect of number size was found in the performance of the neglect patients or the control groups. And healthy subjects should show some left shift if there is increasing compression, but they
showed no shift at all (Zorzi et al. 2002) . How can this apparent conflict be explained?
One difference is that Zorzi's subjects were never tested on intervals greater than nine or with an upper number beyond 20, while Attneave's subjects were tested on the interval from one to a million. Also, the tests of judgements on evenness of number distribution used an interval of one to two thousand. In short, tests using small intervals give no indication of compression, while tests using large intervals do. One possibility, then, is this. The category pattern specification entails that the number line has regular calibration. But not all of the number line images produced by activation of the category pattern have regular apparent calibration. Some will have apparent calibration that matches a perspectival projection, hence increasingly compressed. To see how this is possible, recall that a current visual image depends not only on the activated category pattern but also on parameter inputs to the image generating function. One of these will determine whether the image viewpoint is perpendicular to the number line or oblique. If perpendicular, the calibration appears regular in the image; if oblique, the calibration appears increasingly compressed in the image. Which of these kinds of viewpoint (perpendicular or oblique) is selected may depend, at least in part, on the size of the numerical interval set by the task. For small number intervals a perpendicular viewpoint will be selected, dictating regular image calibration; for large number intervals, an oblique viewpoint may be selected, dictating an increasingly compressed image calibration. This would provide the basis for explaining the seeming conflict in the data, on the assumption that the data were obtained using a visualized number line segment.
To encompass a maximal number interval with tolerable resolution the imagery system could first zoom-out and then rotate, giving the compression of perspective. But what about number intervals too large for tolerable resolution, such as (I suspect) the interval of one to a million used by Attneave? In this case a number line image will not suffice for the bisection task. Here I think linguistic salience among the ordinary verbal number expressions is likely to be the key. Powers of ten are more salient than intervening numbers, and so one-hundredthousand is likely to be the largest mental pole of attraction short of one million. 19 Perhaps that is why the median of responses to Attneave's test was one hundred thousand.
Idiosyncratic mental number lines
A regular horizontal mental number line is, I conjecture, common to the overwhelming majority of people subject to mathematical education similar to our own. But a small percentage of us form idiosyncratic spatial number system representations. These may be calibrated curved lines with loops, strips with differently coloured intervals for different number intervals proceeding upward and rightward, complex spatial arrangements of the numerals in a combination of lines and rectangles, and many more. It is not to be assumed that people with idiosyncratic number lines do not also have a standard number line -in fact some report having both. Indeed, it is very likely that most of us have several spatial representations of the numbers at our disposal: numbers up to 12 or 360 arranged on a circle, positive and negative numbers on a vertical axis, as well as the standard number line. But it is possible that some who report a vivid and durable idiosyncratic number line lack a standard number line, and it is likely that those who report having both deploy their idiosyncratic line when others would deploy a standard number line. Although the phenomenon has been known since Francis Galton's 19 th century investigation, there has been little follow-up. 20 What we can s ay is that idiosyncratic number lines are not taught, and so the phenomenon attests to an innate propensity to form a number line once a written numeral system is acquired.
Conclusions
Although it is no surprise that a visualized number line is used in mathematical thinking, it was a surprise that a visualized number line is accessed unintentionally and unconsciously in basic number tasks. I infer from this that a visualized number line is a basic resource that is accessed automatically when we are engaged in numerical tasks. According to the 'Triple Code' model of Dehaene and Cohen (1995) the basic resources of numerical cognition in educated adults are:
1. The natural language number expressions, written and spoken.
2. Our working numeral system, such as the decimal place system.
3. An innate sense of cardinal size.
What I am proposing here is a four code model, which adds:
4. A visual number line.
The standard mental number line is clearly a product of culture, as it depends on culturespecific conventions of a written numeral system. But it also depends on three innate faculties: our number sense, our sense of the space around us, and the visual imagery system.
The representations of our innate number sense are mapped onto the representations of our numerals, which in turn are mapped onto a horizontal line (or are arranged in a row) to form an integrated system of numerical representation. This is a representation of the imagery system; when activated, the resulting image is integrated into the representation of egocentric space. So here we have an example of a basic resource of human intelligence that is the product of an interaction between cultural and innate endowments. Is this interaction just a lucky accident? Probably not. The fact that we so easily acquire a nd internalize a mental number line, as well as the fact that some of us form a mental number line independently of school instruction, suggests that we have an innate propensity to form a mental number line once we have acquired a written numeral system. Such a propensity would be a special case of a disposition found in highly innovative mathematicians to integrate numerical and spatial representations, a disposition whose fruitfulness is beyond dispute.
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